For a linear algebraic group G over Q, we consider the period domains D classifying G-mixed Hodge structures, and construct the extended period domains D Σ . We give an interpretation of higher Albanese manifolds by Hain and Zucker by using the above D for some G, and extend them via D Σ .
Introduction
For a linear algebraic group G over Q, we consider the period domains D for G-mixed Hodge structures. We construct the extended period domains D Σ , the space of nilpotent orbits. In this paper, we give an interpretation of higher Albanese manifolds by Hain and Zucker by using the above D for some G, and extend them via D Σ .
In Section 1, we review a work on higher Albanese manifolds by Hain and Zucker in [11] . In Section 2, we define D by modifying the definition of Shimura variety over C by Deligne ([4] ). In Section 3, we introduce the extended period domain D Σ and state the main results 3.3.1, 3.3.3. In Section 4, we explain the relation of this D Σ with the theory for the usual period domains ( [14] ), and as examples, the Mumford-Tate domains, and mixed Shimura varieties. In the case where D is the pure Mumford-Tate domain (cf. Green-Griffiths-Kerr's book [8] ), D Σ essentially coincides with the one by ). In Section 5, we study higher Albanese manifolds by Hain and Zucker by using the present D for some G, and extend them via D Σ .
We omit the details of constructions and proofs of the general theory in Section 3 in this paper, which are to be published elsewhere.
For the p-adic variant of this paper, Koshikawa and the first author are preparing [13] .
1 Relation of the work [11] and the present article
In this section, we briefly review the work of Hain and Zucker on unipotent variations of mixed Hodge structure [11] with which we compare our present article.
The main theorem of [11]
Let X be a connected smooth algebraic variety over C and b ∈ X, and let F be a real field, the field of rational numbers, or the ring of integers. Then, [11] (1.6) asserts that there is an equivalence of categories: where J is the augmentation ideal, i.e., the kernel of ε : Cπ 1 (X, b) → C, γ → 1 (γ ∈ π 1 (X, b)).
An outline of the proof is as follows.
1.1.1.
The functor from the left-hand-side to the right-hand-side is given by taking the monodromy representation on the fiber over the base point b.
1.1.2.
The correspondence from the right-hand-side to the left-hand-side is given by using higher Albanese manifold of X.
1.1.3.
The rigidity of variations of mixed Hodge structure is shown under "good" condition ( [11] (1.5)) at the boundary of X. This rigidity ensures that 1.1.2 yields the inverse functor of 1.1.1.
Iterated integration theory of Chen [3]
We review the result of Chen in [3] .
1.2.1. Let I be the interval [0, 1] . A loop on X with base point b is a C ∞ map γ : I → X with γ(0) = γ(1) = b. Let P X = P b X be the loop space on (X, b) which is the topological space consisting of all loops on X with base point b endowed with compact-open topology.
A local parameter system of P X is a pair (U, φ) of an open set U of R n and a map φ : U → P X such that ϕ : I × U → X with ϕ(t, u) := φ(u)(t) is a C ∞ map. Here n is a non-negative integer. For an open set V of R m and a C ∞ map f : V → U, (V, φ • f ) is also a local parameter system. For a non-negative integer k, a k-differential form on P X is a collection ω = (ω φ ) φ of a k-differential form ω φ on U for a local parameter system (U, φ) such that, for f : U → V as above, f * ω φ = ω φ•f .
1.2.2.
Let r be a positive integer. Let ∆ r = {(t 1 , . . . , t r ) ∈ R r | 0 ≤ t 1 ≤ · · · ≤ t r ≤ 1} be the r-simplex. Let π j : X r → X be the j-th projection, 1 ≤ j ≤ r. Let π : ∆ r ×P X → P X be the projection and let ϕ : ∆ r × P X → X r be the map defined by ϕ(t 1 , . . . , t r , γ) := (γ(t 1 ), . . . , γ(t r )). Let A k (X) and A k (P X) be k-th forms on X and on P X, respectively. For positive integers p 1 , . . . , p r , put q = r j=1 (p j − 1). The iterated integral I : A p 1 (X) × · · · × A pr (X) → A q (P X), (ω 1 , . . . , ω r ) → ω 1 . . . ω r , along P X π ←−− − ∆ r × P X ϕ − −− → X r , is defined as follows. It is enough to define it on each local parameter system φ : U → P X with U ⊂ R n . Let ι j be the contraction of a differential form with
The bar complex B
• (X) is the subcomplex of the de Rham complex A • (P X) on P X, which is determined by the de Rham complex A
• (X) of X as follows. B q (X) is the subspace of A q (P X) generated by the images of
for all positive integers r and p 1 , . . . , p r such that q = r j=1 (p j − 1).
Length filtration (L r B • (X)) r is an increasing filtration by subcomplexes of B • (X), where L r B
• (X) is generated by ω 1 . . . ω j for differential forms ω 1 , . . . , ω j on X of positive degree over j ≤ r.
Denote by B • (X) C etc. the C-valued iterated integrals etc. Hodge filtration (F p B
• (X) C ) p is a decreasing filtration by subcomplexes of B
• (X) C , where
An element of B
0 (X) is a function on the loop space P X:
In this case, every ω j is a 1-form on X and, by writing γ * ω j =: f j (t)dt, it is described as
This induces
and also
The theorem of Chen in [3] asserts that the last homomorphism is an isomorphism. The filtrations on Cπ 1 (X, b)/J r+1 , which are induced from the length filtration and the Hodge filtration on the iterated integrals B
• (X), form a mixed Hodge structure called the r-th canonical variation of mixed Hodge structure as b varies over X ( [11] (4.21)).
Higher Albanese manifolds in [11]
Put G := π 1 (X, b). Let R be a commutative ring with unity. Let ε : RG → R be the augmentation map. Let ∆ : RG → RG ⊗ RG be the coproduct ∆(g) := g ⊗ g. Let RG ∧ := lim ← r RG/J r+1 be the J-adic completion andĴ the closed ideal of RG ∧ generated by J. DefineĜ
(2.13)). Let F be the Hodge filtration on g r,C induced by the one on CG/J r+1 . Let F 0Ĝ r,C be the corresponding subgroup ofĜ r,C . The higher Albanese manifold in [11] 
Inverse correspondence
We explain 1.1.2. An inverse correspondence is constructed as follows ( [11] (5.21)). Given a mixed Hodge theoretic representation V , i.e., a ring homomorphism Cπ 1 (X, b)/J r+1 → End(V ) of mixed Hodge structures, we have a map Alb r (X) → D(V ), where D(V ) is the classifying space of Hodge filtrations on V . Composing the higher Albanese map X → Alb r (X) with the above map and pulling back the universal variation of mixed Hodge structure on the classifying space, we get a variation of mixed Hodge structure on X.
The aim of the present paper
In this paper, we have the following two contributions 1.5.1 and 1.5.2 to the work of Hain and Zucker.
1.5.1. We give a description of the functor represented by the higher Albanese manifold in terms of tensor functors (see Section 5.1). Here we give a rough sketch of it (the precise and more general statement is given in Theorem 5.1.10).
Let Γ r be the image of 
r → Γ r consists of all elements of π 1 (X, b)/Γ r of finite orders. Let C X,Γr be the category of variations of Q-MHS H on X satisfying the following conditions.
(i) For any w ∈ Z, gr W w H is a constant polarizable Hodge structure. (ii) H is good at infinity in the sense of [11] (1.5).
(iii) The monodromy action of π 1 (X, b) on H Q (b) (which is unipotent under (i)) factors through Γ r .
Then our result is roughly that for a complex analytic space S, there is a functorial bijection between the set Mor(S, Alb r (X)) of morphisms and the set of isomorphism classes of exact tensor functors C X,Γr → MHS(S), where MHS(S) denotes the category of analytic families of Q-MHS parametrized by S, which sends h X to h S for any Q-MHS h (more precisely, see 5.1.9 (i)). Here objects of MHS(S) need not satisfy Griffiths transversality, though objects of C X,Γr should satisfy it. h X (resp. h S ) denotes the constant variation (resp. family) of Q-MHS on X (resp. S) associated to h.
1.5.2.
We construct toroidal partial compactifications of Alb r (X), and describe the functors represented by them generalizing 1.5.1 to its log version. See Section 5.2 for details.
1.5.3. We will deduce these results 1.5.1 and 1.5.2 from the work of Hain and Zucker and from our general theory of (extended) period domains for mixed Hodge structures associated to algebraic groups, which we develop in Section 2 and Section 3.
2 The period domain D Let G be a linear algebraic group over Q. Let G u be the unipotent radical of G. Let Rep(G) be the category of finite-dimensional linear representations of G over Q.
G-mixed Hodge structures and period domain D
We define and consider the notion of G-mixed Hodge structure (G-MHS for short).
2.1.1. As in [4] , let S C/R be the Weil restriction of the multiplicative group G m from C to R. It represents the functor R → (C ⊗ R R) × for commutative rings R over R. We have S C/R (R) = C × , and S C/R is understood as C × regarded as an algebraic group over R.
Let w : G m,R → S C/R be the homomorphism induced from the natural maps
× for commutative rings R over R.
2.1.2.
A linear representation of S C/R over R is equivalent to a finite-dimensional Rvector space V endowed with a decomposition
such that for any p, q, V q,p C coincides with the complex conjugate of V p,q
Here [z] denotes z regarded as an element of S C/R (R).
R is Q-rational and central. Assume also that for one (and hence any) lifting G m,R → G R of this composite, the adjoint action of G m,R on Lie(
Then, for any V ∈ Rep(G), the action of G m on V via a lifting G m → G of the above G m → G/G u defines a rational increasing filtration W on V called the weight filtration, which is independent of the lifting.
In the above situation, a G-mixed Hodge structure (G-MHS, for short) is defined as an exact ⊗-functor from Rep(G) to the category of Q-MHS keeping the underlying vector spaces with the weight filtrations.
2.1.4.
Let H be a G-MHS. By 2.1.2 and Tannaka duality ( [7] ), the Hodge decompositions of gr
R is Q-rational and central. We call this homomorphism the homomorphism associated with H.
2.1.5.
We define the period domain D associated to G and h 0 as the set of all isomorphism classes of G-MHS whose associated homomorphism
Complex analytic structure of D
We first give a real analytic understanding of D, and then consider the complex analytic structure of it.
Fix a homomorphism h 0 :
as the set of all δ ∈ Lie(G) R such that the (p, q)-Hodge component of δ (2.1.2) with respect to the adjoint action of S C/R via h is 0 unless p < 0 and q < 0.
where W is the weight filtration on V (2.1.3) and F is the Hodge filtration on V C = C ⊗ R V defined in the following way. Let V C = p,q V p,q C be the Hodge decomposition (2.1.2) defined by the action of S C/R via h. Let
Proposition 2.2.3. The above construction (h, δ) → H(h, δ) gives a bijection from the set of all (h, δ) as above onto the set of all isomorphism classes of G-MHS.
Proof. By [2] and by Tannaka duality (cf. [7] ).
Consider the action of the subgroup
Proof. This follows from the definition of D in 2.1.5 and Proposition 2.2.3.
2.2.6. Let C be the category of triples (V, W, F ), where V is a finite-dimensional Qvector space, W is an increasing filtration on V (called the weight filtration), and F is a decreasing filtration on V C (called Hodge filtration). Let Y be the set of all isomorphism classes of exact ⊗-functors from Rep(G) to the category C preserving the underlying vector spaces and the weight filtrations.
Then G(C) acts on Y by changing the Hodge filtration. We have
Since the action of G(C) onĎ is transitive and the isotropy group of each point ofĎ is an algebraic subgroup of G(C),Ď has a natural structure of a complex analytic manifold as a G(C)-homogeneous space.
Proof. Let G r = G/G u . By considering the Hodge decomposition of Lie(G r ) C , we can see the equality Lie( 
Polarizability
For a linear algebraic group G, let G ′ be the commutator algebraic subgroup.
A relationship with the usual R-polarizability is as follows ([5] 2.11). Let
. Then for each w ∈ Z, there is an R-bilinear form on gr
′ and which polarizes gr W w H(V ).
2.3.3.
We will often consider a subgroup Γ of G(Q) satisfying the following condition.
There is a faithful V ∈ Rep(G) and a Z-lattice L in V such that L is stable under the action of Γ.
Then the following holds.
(1) The action of Γ on D is proper, and the quotient space Γ \ D is Hausdorff.
(2) If Γ is torsion-free and if γp = p with γ ∈ Γ and some p ∈ D, then γ = 1.
Proof. 
Space of nilpotent orbits D Σ
We define the extended period domain D Σ ⊃ D as the space of nilpotent orbits, and state the main results. We fix G and h 0 as in 2.1.3. Assume that h 0 is R-polarizable.
Definition of
3.1.2. Let F ∈Ď and let σ be a nilpotent cone. We say that the pair (σ, F ) generates a nilpotent orbit if the following (i)-(iii) are satisfied.
(i) There is a faithful V ∈ Rep(G) such that the action of σ on V R is admissible with respect to W , i.e., there exist a family (M(τ, W )) τ of finite increasing filtrations M(τ, W ) on V given for each face τ of σ which satisfy the compatibility conditions (1)-(4) in [14] Part III 1.2.2.
(
A nilpotent orbit is a pair (σ, Z) of a nilpotent cone σ and an exp(σ C )-orbit Z inĎ satisfying that for any F ∈ Z, (σ, F ) generates a nilpotent orbit. Here σ C denotes the C-linear span of σ in Lie(G) C .
3.1.3.
A weak fan Σ in Lie(G) is a nonempty set of sharp rational nilpotent cones satisfying the conditions that it is closed under taking faces and that any σ, σ ′ ∈ Σ coincide if they have a common interior point and if there is an F ∈Ď such that both (σ, F ) and (σ ′ , F ) generate nilpotent orbits. For a weak fan Σ, let D Σ be the set of all nilpotent orbits (σ,
Let Γ be a subgroup of G(Q) satisfying the condition in 2.3.3. We say that Σ and Γ are strongly compatible if Σ is stable under the adjoint action of Γ and if any σ ∈ Σ is generated by elements whose exp in G(R) belong to Γ. If this is the case, Γ naturally acts on D Σ .
Log mixed Hodge structures
3.2.1. We work in the category B(log) of locally ringed spaces over C with fs log structures satisfying a certain condition, which contains the category of fs log analytic spaces over C ( [14] Part III 1.1). For an object S = (S, O S , M) of B(log), there exists the associated ringed space S log = (S log , O log S ) and a proper surjective morphism S log → S of ringed spaces ( [14] Part III). We denote by LMH(S) the category of log Q-mixed Hodge structures over S ( [14] Part III 1.3).
Let Γ be a subgroup of G(Q) satisfying the condition in 2.3.3. A G-LMH over S with a Γ-level structure is a pair (H, µ) of an exact ⊗-functor H : Rep(G) → LMH(S) and a global section µ of the quotient sheaf Γ \ I, where I is the following sheaf on S log .
For an open set U of S log , I(U) is the set of all isomorphisms H Q | U ∼ = → id of ⊗-functors from Rep(G) to the category of local systems of Q-modules over U preserving the weight filtrations.
3.2.2.
Let (G, h 0 ) be as in 2.1.3, let Γ be a subgroup of G(Q) satisfying the condition in 2.3.3 and let Σ be a weak fan in Lie(G) which is strongly compatible with Γ. A G-LMH over S with a Γ-level structure (H, µ) is said to be of type (h 0 , Σ) if the following (i) and (ii) are satisfied for any s ∈ S and any t ∈ s log . Take a ⊗-isomorphismμ t : H Q,t ∼ = id which belongs to µ t .
(i) There is a σ ∈ Σ such that the logarithm of the action of the local monodromy cone
(ii) Let σ ∈ Σ be the smallest cone satisfying (i). Let a : O log S,t → C be a ring homomorphism which induces the evaluation O S,s → C at s and consider the element F : V →μ t (a(H(V ))) of Y (2.2.6). Then this element belongs toĎ and (σ, F ) generates a nilpotent orbit (3.1.2).
If (H, µ) is of type (h 0 , Σ), we have a map S → Γ \ D Σ , called the period map associated to (H, µ), which sends s ∈ S to the class of the nilpotent orbit (σ, Z) ∈ D Σ obtained in the above (ii).
3.2.3. Let (G, h 0 , Γ, Σ) be as in 3.2.2. We endow Γ \ D Σ with a topology, a sheaf of rings O over C and a log structure M defined as follows. The topology is the strongest topology for which the period map S → Γ \ D Σ is continuous for any (S, H, µ), where S is an object of B(log), H is a G-LMH on S, and µ is a Γ-level structure which is of type (h 0 , Σ). For an open set U of Γ \ D Σ , O(U) (resp. M(U)) is the set of all C-valued functions f on U such that for any (S, H, µ) as above with the period map ϕ : S → Γ \ D Σ , the pullback of f on U ′ := ϕ −1 (U) belongs to the image of O U ′ (resp. M U ′ ) in the sheaf of C-valued functions on U ′ . These structures of Γ \ D Σ are defined also by defining spaces E σ (σ ∈ Σ) in a similar way as [14] Part III. We get the same structures when we use only S = E σ for σ ∈ Σ and the universal objects (H, µ) over E σ in the above definitions of the structures.
Let S be an object of B(log). Let S
• be the underlying locally ringed space over C of S with the trivial log structure.
By an MHS over S, we mean an LMH over S • . Let (G, h 0 ) be as in 2.1.3 and let Γ be a subgroup of G(Q) satisfying the condition in 2.3.3. By a G-MHS over S with Γ-level structure, we mean a G-LMH over S
• with Γ-level structure. By a G-MHS over S with Γ-level structure of type h 0 , we mean a G-LMH over S
• with Γ-level structure of type (h 0 , Σ) where Σ is the fan consisting of the one cone {0}.
Main results
We state main results for moduli of G-log mixed Hodge structures in our general theory.
Here we say that Γ is neat if there is a faithful V ∈ Rep(G) such that for any γ ∈ Γ, the subgroup of C × generated by all eigenvalues of γ : V C → V C is torsion-free.
3.3.2.
The outline of the proof is as follows. As in [14] , we can define various spaces D SL(2) , D BS , E σ etc., and have the theory of CKS map. Then, as in [14] , by using the CKS map, good properties of Γ \ D Σ are deduced from those of the space of SL(2)-orbits D SL (2) , which reduce to the R-polarizable version of [14] . We remark that what were shown in [14] by using Q-polarizations still hold under R-polarizations (2.3.2) . Concerning extensions of period maps to the boundary, we have:
Assume that h 0 is R-polarizable. Let S be a connected, log smooth, fs log analytic space, and let U be the open subspace of S consisting of all points of S at which the log structure of S is trivial. Let Γ be a subgroup of G(Q) as in 2.3.3. Assume that Γ is neat. Let (H, µ) be a G-MHS over U with a Γ-level structure of type h 0 (3.2.4). Let ϕ : U → Γ \ D be the associated period map. Assume that (H, µ) extends to a G-LMH over S with a Γ-level structure (3.2.1). Then:
(2) Assume S U is a smooth divisor. Then we can take V = V ′ = S and Γ ′ = Γ. That is, we have a commutative diagram
(3) Assume that Γ is commutative. Then we can take Γ ′ = Γ.
(4) Assume that Γ is commutative and that the following condition (i) is satisfied.
(i) There is a finite family (S j ) 1≤j≤n of connected locally closed analytic subspaces of S such that S = n j=1 S j as a set and such that, for each j, the inverse image of the sheaf M S /O × S on S j is locally constant. Then we can take Γ ′ = Γ and V = S.
Note that in (1), we can take a fan Σ (we do not need a weak fan).
This is the G-mixed Hodge version of [14] Part III, Theorem 7.5.1 in mixed case and of [15] Theorem 4.3.1 in pure case. The proof goes exactly in the same way as in the pure case treated in [15] .
Basic examples
We discuss basic examples of D to which our theory can be applied so that we can give D Σ for these D.
Usual period domains
We explain that the classical Griffiths domains [9] and their mixed Hodge generalization in [20] are essentially regarded as special cases of the period domains of this paper. In this case, our partial compactifications essentially coincide with those in [14] Part III. Let Λ = (H 0 , W, ( , w ) w , (h p,q ) p,q ) be as usual as in [14] Part III. Let G be the subgroup of Aut(H 0,Q , W ) consisting of elements which induce similitudes for , w for each w. That is, G := {g ∈ Aut(H 0,Q , W ) | for any w, there is a t w ∈ G m such that gx, gy w = t w x, y w for any x, y ∈ gr 
Mixed Mumford-Tate domains 4.2.1. Let H be a Q-MHS whose gr
W are R-polarizable. The Mumford-Tate group G of H is the Tannaka group (cf. [18] ) of the Tannaka category generated by H (cf. [1] ). Explicitly, it is the smallest Q-subgroup G of Aut(H Q ) such that G R contains the image of the homomorphism h : S C/R → Aut(H R ) and such that Lie(G) R contains δ. Here h and δ are determined by the canonical splitting of H ( [2] , [14] Part II 1.2). In the case where H is pure, G is the smallest Q-subgroup of Aut(H Q ) such that G R contains the image of S C/R → Aut(H R ).
In the pure case, the following proposition is well-known. Proof. Let G be the group explicitly defined in the latter part of 4.2.1. Let J be the Tannaka group defined in the former part of 4.2.1. By Tannaka duality, the theory of (h, δ) of MHS gives a homomorphism S C/R → J R and δ ∈ Lie(J) R . The homomorphism J → Aut(H Q ) is injective (otherwise, if K denotes the kernel, representations of J/K would form a smaller Tannaka category). Hence we have G ⊂ J. We will use Claim. For linear representations V 1 and V 2 of J over Q, we have Hom
This is because
By the pure case, we have G/G u = J/J u . (For this, a point is that G u coincides with the kernel G 1 of G → Aut(gr W ). We have G 1 ⊂ G u . It is sufficient to prove that G/G 1 is reductive. This is seen from the polarizability of gr Q is a semi-direct product of Q 1 and G/G u . We consider the following representations V 1 and V 2 of Q over Q. Let V 1 = Q with the trivial action of Q. Let V 2 = Q ⊕ Q 1 on which G/G u acts by the trivial action on Q and by the adjoint action on Q 1 , and v ∈ Q 1 acts by sending (1, 0) to (1, v) and trivially on Q 1 . The Q-linear map V 1 → V 2 which sends 1 to (1, 0) is a G-homomorphism but not a J-homomorphism. This contradicts the Claim.
4.2.3.
The Mumford-Tate domain associated to H is defined as the period domain D associated to G and h 0 : S C/R → (G/G u ) R which is defined by gr W H. In the pure case, our Γ \ D Σ is essentially the same as the one by Kerr-Pearlstein ( [16] ).
Mixed Shimura varieties
See [18] for the generality of mixed Shimura varieties. This is the case where the universal object satisfies Griffiths transversality. gr Let X be a connected smooth algebraic variety over C. Fix b ∈ X. Let Γ be a quotient group of π 1 (X, b) and assume that Γ is a torsion-free nilpotent group. Let G = G Γ be the unipotent algebraic group over Q whose Lie algebra is defined as follows. Let I be the augmentation ideal Ker(
n generated by all log(γ) (γ ∈ Γ). The Lie product of Lie(G) is defined by [x, y] = xy − yx. We have Γ ⊂ G(Q).
We have
for any commutative ring R over Q, where ∆ :
∧ is the ring homomorphism induced by the ring homomorphism
5.1.2.
For r ≥ 0, let Γ r be the torsion-free nilpotent quotient group of π 1 (X, b) defined in 1.5.1. Then for a given Γ as in 5.1.1, there is an r ≥ 1 such that Γ is a quotient of Γ r . We define the weight filtration on Lie(G Γ ) (resp. the Hodge filtration on Lie(G Γ ) C ) as the image of that of Lie(G Γr ) (resp. Lie(G Γr ) C ). This gives a structure of an MHS on Lie(G Γ ) which is independent of the choice of r.
Note that G Γr is written asĜ r in 1.3.
5.1.3.
The higher Albanese manifold A X,Γ of X for Γ is as follows. Let F 0 G(C) be the algebraic subgroup of G(C) over C corresponding to the Lie subalgebra
Let Γ r be as in 1.5.1. For Γ = Γ r , A X,Γ coincides with Alb r (X) in 1.3. In the case where Γ is H 1 (X, Z)/(torsion) regarded as a quotient group of π 1 (X, b), A X,Γ coincides with the Albanese variety Γ \ H 1 (X, C)/F 0 H 1 (X, C) of X. We will give an understanding of A X,Γ by using D of this paper in Theorem 5.1.6. We will describe the functor represented by A X,Γ in Theorem 5.1.10.
Take a Q-MHS V 0 with polarizable gr
W having the Q-MHS Lie(G) as a direct summand. Let Q be the Mumford-Tate group (4.2.1) associated to the V 0 (5.1.1). The action of Q on Lie(G) induces an action of Q on G. By using this action, define the semidirect product G of Q and G with an exact sequence 1 The following theorem is a generalization of [11] (5.10) into the present context of tensor functors.
Proof. We prove (1), from which (2) follows. Define
Then we have a commutative diagram of exact sequences
Here the surjectivity of
Combining this with (G(R)G
5.1.7. Let C X,Γ be the category of variations of Q-MHS H on X satisfying the following conditions.
(iii) The monodromy action of π 1 (X, b) on H Q (b) (which is unipotent under (i)) factors through Γ.
Let C ′ X,Γ be the category of Q-MHS H with polarizable gr W endowed with an action of the Lie algebra Lie(G) on H Q such that Lie(G) ⊗ H → H is a homomorphism of MHS.
5.1.8. Let C X,r (resp. C ′ X,r ) be the left (resp. right) category in the equivalence of categories at the beginning of 1.1. Then we have
The equivalences C X,r ≃ C ′ X,r in 1.1 for all r induce an equivalence r C X,r ≃ r C ′ X,r , and it induces an equivalence
between the full subcategories.
Define a contravariant functor
as follows. F Γ (S) is the set of isomorphism classes of pairs (H, µ), where H is an exact ⊗-functor C X,Γ → MHS(S) and µ is a Γ-level structure, satisfying the following condition (i). Here a Γ-level structure means a global section of the sheaf Γ \ I, where I is the sheaf of functorial
Here h X (resp. h S ) denotes the constant variation (resp. family) of Q-MHS over X (resp. S) associated to h. Proof. For S ∈ B(log), we show Mor(S, A X,Γ ) ≃ F Γ (S).
The map from the right-hand-side to the left-hand-side is as follows. For an element C X,Γ → MHS(S) of F Γ (S), consider the composition
By the non-log version of the general theorem 3.3.4, this yields a morphism
As for the map from the left-hand-side to the right-hand-side, which is inverse to the above map, we give two constructions.
The first construction is as follows. Assume that we are given a morphism S → A X,Γ . Similarly as in 1.4, for an object V of C 
5.2.2.
Define the toroidal partial compactification A X,Γ,Σ of A X,Γ as the subspace of Γ \ D G,Σ which is defined to be the inverse image of b Q . We can endow A X,Γ,Σ with a structure of a log manifold such that for any object S of B(log), Mor(S, A X,Γ,Σ ) coincides with the set of all morphisms
This A X,Γ,Σ is independent of the choice of V 0 in 5.1.4 which is used in the definitions of Q and G.
Define a contravariant functor
as follows.
F Γ,Σ (S) is the set of isomorphism classes of pairs (H, µ) where H is an exact ⊗-functor C X,Γ → LMH(S) and µ is a Γ-level structure satisfying the condition (i) in 5.1.9 and also the following condition (ii).
(ii) The following (ii-1) and (ii-2) are satisfied for any s ∈ S and any t ∈ s log . Let µ t : H(H) Q,t ∼ = H(b) Q be a functorial ⊗-isomorphism which belongs to µ t .
(ii-1) There is a σ ∈ Σ such that the logarithm of the action of the local monodromy cone
(ii-2) Let σ ∈ Σ be the smallest cone which satisfies (ii-1) and let a : O log S,t → C be a ring homomorphism which induces the evaluation O S,s → C at s. Then, for each H ∈ C X,Γ , (σ,μ t (a (H(H))) ) generates a nilpotent orbit in the sense of [14] Part III, 2.2.2. Proof. This follows from Theorem 3.3.3. The proof is similar to the one of Theorem 5.1.10. We replace MHS(S) there by LMH(S) and, in the latter half of the proof, we use the second construction of the inverse map.
5.2.5. Let Ξ be the set of all rational nilpotent cones in Lie(G) R of rank ≤ 1. Then Ξ is a fan and is strongly compatible with Γ.
Theorem 5.2.6. Let X be a smooth algebraic variety over C which contains X as a dense open subset such that the complement X X is a smooth divisor. Endow X with the log structure associated to this divisor.
Then the higher Albanese map ϕ : X → A X,Γ extends uniquely to a morphism ϕ : X → A X,Γ,Ξ of log manifolds giving a commutative diagram
Proof. Since an object of C X,Γ is good at infinity, it extends to an LMH over X. Hence this theorem follows from (2) of the the general theorem 3.3.4 by using Theorem 5.2.4.
Example
5.3.1. We consider X := P 1 (C) {0, 1, ∞} ⊂ X := P 1 (C).
We will consider the toroidal partial compactification of the second higher Albanese manifold Alb 2 (X) (1.3) and the extended higher Albanese map from X to it (5.2.6). The description of the degeneration at the boundary of X becomes simpler if we take the base point b of the theory of Hain-Zucker in the boundary outside X. For this, we can use the idea of tangential base point of Deligne ([6] Section 15 "Points baseà l'infini") and its variant described in 5.3.6.
As in [12] , 
5.3.4.
By [14] Part III, the quotient G u,Z \ D(Λ) Ξ has a structure of a log manifold.
Let N : H 0,Q → H 0,Q be the Q-linear map defined by Ne 3 = e 2 , Ne 2 = Ne 1 = 0 and let σ = R ≥0 N.
We describe the local structure of G u,Z \ D(Λ) Ξ at the point corresponding to a σ-nilpotent orbit. Let p be the image of an element of
Then for some λ 0 ∈ C, p is the class of the σ-nilpotent orbit generated by (N, F (0, 0, λ 0 ) ). Let Y be the log manifold {(q, β, λ) ∈ C 3 | β = 0 if q = 0} with the strong topology ([15] Section 3.1), with the structure sheaf of rings which is the inverse image of the sheaf of holomorphic functions on C 3 , and with the log structure generated by q. Then there is an open neighborhood U of (0, 0, λ 0 ) in C 3 and an open immersion
of log manifolds which sends (q, β, λ) ∈ Y ∩ U with q = 0 to the class of F (α, β, λ) = exp(αN)F (0, β, λ), where α ∈ C is such that q = e 2πiα , and which sends (0, 0, λ 0 ) to p.
We can show that for any
there are an open neighborhood U of (0, 0, 0) in C 3 and an open immersion Y ∩ U → G u,Z \ D(Λ) Ξ of log manifolds which sends (0, 0, 0) to p.
5.3.6.
We describe how to formulate a base point in the boundary in the theory of HainZucker. The following is a variant of tangential base point of Deligne and matches log Hodge theory well.
Let X be a connected smooth algebraic variety over C, let D be a divisor on X with normal crossings, and let X := X D. Endow X with the log structure associated to D. We formulate a base point in X outside X as follows.
In our definition, a base point in the boundary of X is a pair b = (y, a) where y is a point of X log which does not belong to X, and a is a specialization O log X,y → C.
That is, y is a pair (x, h) where x is a point of X which does not belong to X, h is a homomorphism M 
We can use π 1 (X log , y) in place of π 1 (X, b ′ ) (b ′ ∈ X) in the theory of Hain-Zucker. Let Γ be a nilpotent torsion free quotient group of π 1 (X log , y). Then we have the unipotent algebraic group G over Q by using π 1 (X log , y) by the method of 5.1.1. We obtain a structure of a Q-MHS on Lie(G) as follows. For b ′ ∈ X, let G(b ′ ) be the unipotent group G in 5.1.1 obtained by using the base point b ′ . Then when b ′ ∈ X moves, the MHS Lie(G(b ′ )) forms an object H of C X,Γ . Since H is good at infinity, it extends uniquely to a Q-LMH H on X. By the specialization of H by a at y, we obtain a structure of Q-MHS on Lie(G).
The main theorem of Hain-Zucker [11] introduced in Section 1.1 and results in Sections 5.1 and 5.2 remain true when we use the base point in the boundary, and are deduced from the work [11] and by the arguments in Sections 5.1 and 5.2.
5.3.7.
A tangential base point of Deligne in the boundary of X ([6] Section 15) gives a base point b in the boundary in our sense (5.3.6). We explain this in the case where X is a curve. In this case, a tangential base point in the boundary is a non-zero element v of the tangent space T x (X) = Hom C (m x /m 2 x , C) with x ∈ X X and m x being the maxmal ideal of O X,x . We have the corresponding base point b = (y, a), y = (x, h) in the boundary in our sense as follows.
h : M (ii) Let t be a prime element of O X,x such that h(t) = 1 (that is, v(t) ∈ R >0 ). Let f ∈ O log X,y be the branch of log(t) such that the imaginary part of f (x ′ ) converges to 0 if x ′ ∈ X converges to y in X log . Then a(f ) = log(v(t)) ∈ R.
5.3.8. Now let X = P 1 (C) {0, 1, ∞}, X = P 1 (C). We take the base point b in the boundary of X corresponding to the tangent vector v at 0 ∈ X which sends the class of the coordinate function x of C ⊂ P 1 (C) in m 0 /m 2 0 to 1. That is, b = (y, a), y = (0, h) ∈ X log where h sends the coordinate function x to 1 and a sends the branch of log(x) which has real value on R >0 to 0. The group π 1 (X log , y) is a free group of rank 2 generated by elements γ 0 and γ 1 . Here for α = 0, 1, γ α is the class of the following loop [0, 1] → X log which we denote also by γ α . Let x be the coordinate function of C ⊂ P 1 (C). Then γ 0 (t) = (0, h) where h sends x to e 2πit . γ 1 (0) = γ 1 (1) = (0, h) where h sends x to 1. For 0 < t < 1/3, γ 1 (t) = 3t ∈ X. For 1/3 ≤ t ≤ 2/3, γ 1 (t) = (1, h) where h sends 1 − x to e 2πi(3t−1) . For 2/3 < t < 1, γ 1 (t) = 3(1 − t) ∈ X. The following 5.3.10 and 5.3.11 are seen from [6] (cf. also [12] ). The composition X → G u,Z \ D(Λ) of the higher Albanese map X → A X,Γ and the above isomorphism sends x ∈ X to the class of F ((2πi) −1 log(x), (2πi) −1 l 1 (x), (2πi) −2 l 2 (x)), where l 1 (x) = − log(1 − x) and l 2 (x) is the dilog function.
5.3.11.
There is another isomorphism A X,Γ ∼ = G u,Z \ D(Λ) which may be more popular. Consider the Q-MHS V as in 5.3.10 and consider the Lie action of Lie(G) on V such that N 0 e 2 = e 1 , N 0 e j = 0 for j = 1, 3; N 1 e 3 = e 2 , N 1 e j = 0 for j = 1, 2. Then the action Lie(G) ⊗ V → V is a homomorphism of MHS. This induces an isomorphism A X,Γ ∼ = → G u,Z \ D(Λ) of complex analytic manifolds and an isomorphism A X,Γ,Ξ ∼ = G u,Z \ D(Λ) Ξ of log manifolds.
In this case, the composition X → G u,Z \ D(Λ) of the higher Albanese map X → A X,Γ and the above isomorphism sends x ∈ X to the class of The pullback on X of the universal object on G u,Z \ D(Λ) under this composite map is the so-called dilog sheaf on X. The last element converges to (0, 0, 0) when x converges to 0 ∈ X.
